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Abstract. A mathematical model for studying the propagation of long internal ocean waves of finite amplitude

is proposed. The vertical structure of the pressure perturbation is investigated and reduced to a Sturm—Liouville
eigenvalue problem. In the continuous stratification case, the pattern of this vertical structure depends on the choice
of the characteristic scale of a varying stratification parameter, denotéd Ay this parameter asymptotically
approaches a critical valued. 5 — §¢j), the amplitudes of the solution’s normal modes increase considerably.
The internal waves break and produce an unstable interface, which degenerates into a turbulent mixed layer. These
conditions correspond to the critical state of wave existence. \Wherdg a three-layer discontinuous gradient

model is proposed to resolve the problem. It consists in specifying one solution within a thin intermediary layer
and two solutions on either side of this layer. The results show that the use of appropriately matching interfacial
conditions allows to obtain generally matching solutions, even for small values of the nonconstant stratification
parametes.
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1. Introduction

This paper is concerned with waves propagating in density-stratified fluids with a thin den-
sity interface. The presence of such an interface continues to be a perplexing problem in
environmental and geophysical fluid dynamics. Since the interfacial layer is thin, the waves
can be limited in their spectral density by sporadic local instabilities, and when the waves
break, they produce turbulence [1]. This process produces a turbulent mixing between fluids of
different density, leading to the overturning waves by static instability. The instability process
is initially described here as one involving homogeneous density distributions on either side of
the turbulent region. When an appreciable density difference between the turbulent and non-
turbulent regions develops, new effects become discernible. A thin pycnocline or thermocline
develops, in which the ambient fluid is initially statically stalile.@p0/9z < 0). However, if

there is sufficient shear or wave energy coming from the breaking of large amplitude internal-
waves, dynamical instability can give rise to vortical formations (rolls or billows). In this study
we use a linear analysis to derive the growth rate of the finite-amplitude waves. The instability
is interpreted as a criterion in which the waves grow, in inverse proportion to the parameter
of varying stratifications, until they attain their maximum amplitudes and break. When the
breaking mechanism occurs, a linear analysis is no longer valid and a nonlinear analysis is
required to consider the effects of low-frequency waves. However, the breaking mechanism in
itself is not within the scope of this study.
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When a density gradient exists in a fluid that complies with the Boussinesq approximation
[2], vorticity may be generated and flow is induced. The resulting motion advects fluid par-
ticles and the density gradient may either decrease or increase. In the latter case, the density
gradient may increase to such an extent that an effective discontinuity or a front may develop
[1, 3]. In stratified fluids fronts are regions where mixing occurs [4—6], and once frontogen-
esis has occurred, flow characteristics undergo a fundamental change. The Kelvin-Helmholtz
billowing mechanism and the breaking of internal waves are some of the different forms of
motion that may characterize this change [1-8].

Several attempts have been made to investigate internal waves in terms of thickness of
the interfacial layer. Davis and Acrivos [9] examined experimentally the case of a small
quantity of neutrally buoyant fluid being slowly injected into a thin interfacial region between
two fluids of different densities. Two types of waves were observed: first, small-amplitude
waves characterized by open streamlines and propagating with only gradual amplitude atten-
uation; and second, large-amplitude waves characterized by a region of fluid trapped within
closed streamlines. Stamp and Jacka [10] carried out a study of deep-water internal solitary
waves propagating in a thin interface between two fluids of different densities. They showed
that small waves cause changes in energy and momentum, whereas sufficiently large waves
disperse the energy and cause the mixture of fluids. They added that the weakly nonlinear
theory fails to account for the behavior of large-amplitude waves, nor does it comply with the
criterion requiring waves to maintain permanent form, despite the fact that their wavelength
must decrease when their amplitude increases; instead, the wavelength of large waves was
observed to grow with increasing amplitude. Pawlak and Armi [11] proposed an experimental
and analytical study of the combined effects of buoyancy and acceleration of a stratified shear
layer on the dynamics of a mixing layer. They observed a new finite amplitude mechanism in
which the core of a newly generated vortex is separated from its source vortex at the interface.
A second formation appears and gives rise to a modified and duplicated vortex. The spatial
linear stability analysis reveals that one of two modified Kelvin-Helmholtz modes is dominant.
The mixing induced by the interface instabilities is such that a strong density gradient occurs
in the high-momentum streams, and a low-gradient region occurs when lower-momentum
streams are involved.

Internal waves are reported to have fairly large amplitudes, somewhat larger than 100 m,
and may generate slowly varying local currents in open ocean or in fjords. Such induced
currents are important factors to be considered when determining the dimensions of offshore
platforms operating in deep water areas where internal waves might occur. Knowledge about
the properties of internal waves and their potential consequences has therefore real-world
relevance. Recently, Griet al. [12] have conducted a theoretical and experimental study on
the properties of solitary waves propagating in a two-layer fluid. The experiments involved
the case where a relatively thin pycnocline layer separates fresh water from salt water. They
showed that rolls due to the Kelvin—-Helmholtz instability develop and the pycnocline is locally
diminished. The theoretical models include a fully nonlinear model and a weakly nonlinear
Korteweg—de Vries (KdV) model. Strong agreement between the experiment and the results
provided by the fully nonlinear model was observed, except when unstable motion in the
pycnocline is involved. The KdV model deviated from the experiments and the fully nonlinear
theory, most notably when large amplitude waves were present.

In stratified water and in water in which the density varies with depth, internal waves may
occur in different forms with various propagation characteristics. For example, these waves
may have the character of small but finite amplitude waves [13], of which the wavelengths are
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considerably greater than the total fluid depth. These waves are called shallow-water waves,
for which the principal approximations aig H > 1 andh/H = O(1), where A is the

total fluid depth and 2 is the depth of the stratification. A second example, is provided by
waves having the character of long waves [9], but with wavelengths which are much smaller
than the total fluid depth but much greater than the depth of the stratificatiéh.— 1 and

A/ h > 1. In this study, we are interested in this second type of wave in which the density is
a continuous function of depth.

In Section 2 we present a mathematical model of long waves propagation in fluids with
variable-gradient stratification, derive the mathematical problem and formulate the asymptotic
model. In Section 3, different model parameters are defined and analyzed to obtain a set of
differential equations of the boundary-value problem. In Section 4, the development of the
modal structures for the eigenvalues problem, including a variable-density profile is discussed.
Section 5 is devoted to the study of the three-layer discontinuous gradient model.

2. Mathematical formulation of the problem

We consider an incompressible and stratified fluid in a rotating coordinate frame, and we
assume that the Boussinesq approximation is valid in order to take into account the density
variations. Moreover, the hydrostatic balance is used. The equations describing this motion
are available in the literature (Pedlosky [14], Godts [15], Baial.[16], Ouahsine [17]). The
present analysis is valid for long-wave motions, where it has been posited=that/L « 1,

and wherel. and H are the horizontal and vertical characteristic scales, respectively. et

the horizontal velocity vector (with eastward and northward compometd v), and letw

be the vertical velocity. By focussing on tlie (100 km) scales, we can use the mid-latitudes
B-plane approximation, which can be formulatedsas- L/ay <« 1, ap being the Earth’s
radius. In what follows, we use a Cartesian framgy(, z), wherex increases to the East,

to the North and; upwards. Letly, Uy, R, I1 be the characteristics scales for timdor the
horizontal velocity g, v), for the density and for the pressurg, respectively. Consequently,

the non-dimensional relations are selected as follows:

(X$Y):(xvy)l‘$ Z:ZH, T:lTo,
U,V)=w,vUy, W=wUH/L, p=pll, o=0R.

The equations below describe the motion of an incompressible rotating fluid:

v v Ro 9%v
o(Ro[St—+Vv-Dv+w— | + (1+R0oBy)k x v | + —Dp = E,— + D?,

ot 9z Fr2 322
3 3 3 3 @)
P 1Bog=0, D-v+-2=0 St24v.-Dg+w: =0
0z 0z ot 0z

For simplicity, we dropped the overbars on the varialplesdp.

Here {, j, k) are unit vectors oriented eastwards, northwards, and locally upWaed,
(0/0x,0/dy), t is the time,p the pressure angy = 2Q2 sin A designates the local Coriolis
parameter wherg is the latitude and2 = 7- 3 1072 rad/s is the earth’s rotation. Further, Ro,
Fr, St, Bo are dimensionless numbers defined by:

Ro= Uy/foL : the Rossby number St= L/UyTy: the Strouhal number
Fr=Uy//gH the Froude number Bo= RgH/I1: non-dimensional number
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The vertical and horizontal Ekman numbers are respectively:
E,=v/foH> and B =v/foL?

The boundary conditions at the bottom are: 0, w = 0, and the initial conditions (at= 0)
are:v = V% andp = po, wherev® and pg are known.

To establish the boundary conditions on the sea’s surface we assume that, in a state of
equilibrium, motion is controlled by surface wind strgs$,, . It follows that the kinematic
condition of this stress at the ocean-atmosphere interface is specified by [15]:

[t]; = [-pnls +2unD]; and p = p,, 2)

wheren is the unit normal vector of the interfac®, is the tensor rate of deformatioty; is
the tensor unit angh, is the atmospheric pressure. The bradkgt denotes the jump of the
functionu across the interface This last condition on the surface level can be written:

U ov
TNl Zo 3
_um]l_ @)
and
i U dw
Cp+2u2 % Zo, 4
-+ MLaz:|i )

Note that initial conditions are not satisfied when Rg, |, and Fr are small. Hence we
are dealing with a singular-perturbation problem and an asymptotic analysis is necessary to
eliminate this singularity. Thus, we introduce the following approximations:

Ro= O(Fr), w = Rd/Fr,
. . %)
E, = E.R?, E, = E,RA.

For the asymptotic analysis we assume that the parameters, &, £,) are fixed and of
order unity.

3. The central equation

We now assume that the parameters Ro and Fr are small and are of the same order (see
Equation (5)). The asymptotic expansionsvofw, p, p with respect to Ro produces, at the
zeroth order:

po= po(z), ©o=00(z), Dpo=0, (6)
w dpo

Vo = —k x Dpl, —_— = —BOQO, (7! 8)
foly dz

where the two last equations are the geostrophic and the hydrostatic approximations, respec-
tively. The next order balance is interesting, not only because it causes corrections in the
solution, but also because it allows us to follow the slow evolution of the dominant fields.
Thus we obtain, to the order of Ro:
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oV, 1
Qo[Sta—tO-i-VO’DVo-i',BykXV0+kXV1]+Q1kXV0+5DP2=O

(9a,b,c,d)
9 9 9 9
OP1  Booy =0, D-vit+ 2t —0 S v Do+ w2 —
0z 0z ot 0z

Onusing the formulaax (b x ¢) = (a-c)-b—(a-b) -c¢ and the additional conditiok-v, = 0,
we deduce from (9a):

0 1
00V1 = 00 [Sta(k X Vo) + K x (Vg - Dvg) — ,ByVo} —01Vo + Zk x Dp» (10)

and from (9¢) we have:

d
D-v, = —ﬂ
0z
This last equation is then used in (10) to eliminate the second-order pressure vegidibias,
on using (7) we obtain from (10):

ow oh
Qoa—zl = wd—D2 1+ 00BVo -] +Vo-Do1=0. (11)
Eliminating o1 from (9c) and (9d),we obtain an equation foy:
1 (doo\ ‘dn (1
=—|— . 12
W Bo(dz) dz( ) (12)
Using (11) and (12), we obtain an equation for the evolution of the perturbation
dn w |9 [ 0o(z) dp1
D —_ i = O, 13
dt[ p1+BO{aZ{ o(z)(8z) o2 [ T oo@Bey (13)
where
dn 0
— = St— -D 14
dt Stat Vo (14)
and
.0,
D=—i+—j.
8x| + ByJ

The problem now is reduced to the study of the evolution equation (13) that gives us the
pressure perturbatiop;. Thus, the associate boundary conditions are determined while pre-
supposing the existence of two Ekman boundary layers, one at the ocean—atmosphere interface
and one at the bottom. However, these Ekman layers are very thin and are dependent on the
ways in which the frictional boundaries evolve and on the small paramgt@rithis subject

an analysis has been carried out in [15] and a more detailed one can be found in [14]. In [15]
an asymptotic analysis based on singular-perturbation theory is proposed to isolate and to treat
separately regions of different physical composition and then match them to each other. Hence,
to take into account the smallness of the Ekman layer whes &mall, we used the following
scales, appropriate for both the surface and bottom-boundary Ekman aye(s + 1)/Ro

for the bottom layer and = z/Ro for the surface layer. After matching solutions, we could
subsequently determine the horizontal and vertical velocities at these boundary layers (the
details of this analysis are given in [15]). Using the results of the matching procedure and
making an intermediary calculation, we can deduce from (9a) and (12) the following boundary
conditions:
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dh(am): [(2)%(2)@D¥(o5 p1), at z=0

a 8_ > (15)
¢ x(2)w D%y p1), at z=-1
where;
1/2
r)=—1+ 1eo(z)

<
pneo(z)Y? + nod(z)%?

with u being the coefficient of the dynamic viscosity. The supersctiptéfers to the term
‘atmospheric’ and designates the signature left by the effects of the atmospheric boundary
layer during the matching procedure

L\ 12
(BN aw _Bo_
%x(z) = ( 2) 0012 o = o o)

In the following, we propose a solution for Equation (13) with the boundary conditions (15).
The main goal of this study is to show that the vertical structure of the pressure perturbation
p1 depends on the density gradient and, therefore, on stratification. Hence, because of the
anisotropy between large horizontal scale4@8 km) and vertical scales-@ km) of the phe-
nomena being considered in this paper, it is necessary to differentiate between the dynamics
involved in large-scale movements in either direction. In the horizontal plaaen(the x-
andy-directions), large-scale movements can be regarded as isotropic. In such circumstances,
there are certain simplifications that can be made; namely, the technique of separating vari-
ables in order to express the solution as a sum of normal modes. This method provides a
good description of the vertical structure of the solution in the case of a continuously stratified
ocean. In restricting our attention to the vertical structure we therefore consider plane waves
of the form:

pix,y,z,t) = P explitkx + 1y —o1)} (16)

Depending on the physical problem being studied, other wave forms can be used. For example,
to study the vertical concentration of internal waves on a pycnocline level in which horizontal
inhomogeneities of density or current are also present, Badtith [3] proposed a solution

of the form:

p(x,y,2,t) = p(ey, 2) eXp{i(kx + fl(sy) dy — ot)}

wheree is a small parameter equal to the ratio of the typical wavelehgtmd the character-
istic scale of the horizontal inhomogeneidy.
Substituting the equation (16) in Equations (13) and (15), we obtain:

2
He(n) 0 (Z) + (L4 HG ))J—m =0 (17)

wherer = K? + kB/o with K? = k? + 12 - K? is the horizontal wave number, wheteand
[ are the wave numbers in the and y- dlrectlons and where is the frequency of the free
harmonic waves.

The associated boundary conditions at the top and at the bottom are, respectively:
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(—oSt+vo- V)LD — 0, P(0) =0
: (18)
(—oSt+ vy V)LD — ¢, P(-1) =0

where St designates the Strouhal numbgiis given by (7), i is the imaginary unit ard is
the vector:

V = ki +I] (19)
with i andj being the unit vectors. The parameteisando, are given by:

0 = —IKINOE?/ (2H%3%0), o1 = —iK2E?/ (2H %% (-D).  (20)
where

00(2)  NA(z)

H 7)) = — =
;@ 00(2) 4

with H (z) designating the vertical density scale, aWd(z) being the square of the Brunt—
Vaisala frequency.

The problem derived in (17), of which the boundary conditions are formulated in (18)
constitutes an eigenvalues problem whose solution gives us the vertical distribution of the
P (z) pressure perturbation. Thescalars are the eigenvalues in this problem.

4. Analysis of modal solutions for continuous stratification

In this section, we will focus on the Sturm—Liouville problem (17-18), while taking expres-
sions of the density profile into account. Our aim is to obtain a sequence of eigervaliees
0,,) and to estimate the corresponding eigenfunctiBng). The complexity of this problem is
caused by the presence of eigenvalues in the boundary conditions, so that the set of Equations
(17) and (18) are rendered non-orthogonal. In order to overcome this difficulty and to construct
an asymptotic solution, we adopt the following new approximation=3t<« 1, where St is
the Strouhal parameter. This approximation means that we are dealing with a quasi-stationary
flow. Hence, for smalk, we seek an asymptotic expansion of the variables in powersrof
the form:>_° &' f*, wheref can denote any aP, o andx.

At the zeroth order of, Equation (17) yields

d 1 dP]_(Z)) )\l
— Pi(z) =0 21
az (pe,(z) & )t o (@)
with the boundary conditions:

dp dp
—(V()-V)d—l +a,Pr =0 at z=0, —(Vo-V)d—l +aPp=0 at z=-1 (22)
Z Z

It has been shown (Boist al. [16], Ouahsine [17]) that, for the constant stratification case,
when the density profile has an exponential foms(z) = pooexp(—N2z), which means

that a solution of the eigenvalues problem has been identified which describes stable periodic
Rossby waves. When the friction effects resulting from the viscosity appear in the equations of
motion (by using the Ekman number to establish the boundary conditions), the waves lose their
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Figure 1. A schematic representation of density distribution in the ocean, and the corresponding Brunt-Vaisala
frequency N(z).

= . ™~ ~ S ~ T~ ~ S

periodic character and their energy dissipates. This leads us to conclude that classical baro-
clinic Rossby waves propagate vertically and remain stable when the stratification is constant.
Laboratory observations [18] have confirmed these results, and no evidence of frontogenesis
or any internal instabilities was found. However, this vertical stability does not occur in cases
of nonuniform stratification. To illustrate this point, we consider an example of a density
distribution in tanh form, a form that may qualitatively approximate a typical oceanic profile
(see Figure 1):

po(z) = Poo [1 — N7, tanh (Z —g h):| ; (23)

where N, < 1 and o are constants. Thus, the density scale height reads:

2
H'(2) = N + O(N), (24)

h
§ cosh (%)

where O< § < 1is the varying stratification parameter ani the gravitational acceleration.
Following a classical procedure (see for example [19]), the equations of motion (17-20) may
be transformed into a suitable form by the introduction in placeadfa new variablé defined

as follows:

_1 ([ po@)\M?
=5/ (_p(s(z)) @ )

0 12
L po(Z)

and instead of the functioR; (z) we introduce a new function:
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_1 1/4
XE) =P _ ) 26
®) =R (po(z)pé(z)> 29
This yields the following modified Sturm—Liouville problem:
d?X
T(f) — 2+ V(E X(E) =0
g g (27)
X (1) _ X0 _
where

1 [5p8()  205(5)  5pg(E) 4oy (§)
2_ 3,02V ,5:_|: 0 _ “Po 4 2o _ "o ]
nehs CO=B1 7026 @ 2®  rh®
This last expression may be written more clearly:

1 [l ) tank? (#) sinh(#) 5 NG } 8)

2
D= |1 S g () S ()
and

L _wH©J 1 [pa@) . pg@)]
VoV 41 po&)  po&) Jey’

b

_ (D) 1 [,06(5) pé{(é)} (29)
£=0

VoV 4lp0® | ph@®)

wherevy is given by (7) and Wy (19).

The set of Equations (27) constitute a homogeneous boundary-value problem, for which we
need to find nontrivial solutions (eigenfunctions) and to determine the corresponding values
of the separation parameter (eigenvalues). In the following analysis we consider only the case
wheren? is negativen? = —u2. Sincen? is negative, we have:

k
)\1=k2+12+—’3<o. (30)
o1
Using a classical mathematical argument (see [20]), we may give eigenfunctions of the prob-
lem (27) as:

&
: 1 :
X (§) = C1 cos(uié) + C2 sin(u1f) + Z /[V(I,5) sin(ui(§ — )X ®1de,  (31)
0

whereC, andC, are constants. From the first boundary conditiof at 0 we determine the
coefficientC,, so that (31) reads:

£
b 1
X@E)=0C (COS(MS) + " Sin(MlE)) + “ /[V(r,a) sin(ua(§ —0)X(®)] dr. (32)
0
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Figure 2. First four baroclinic modes for eigenfunctions when the value of pararfetet.

From the second condition &t= 0 we then deduce the following dispersion-wave equation:

1
Ci(b—a)+ / [V (¢, 6)| [cos(ult) + Mi sin(ult)] X(t) dr
1
° (33)

tang(ua) = ;

Ci(ur+ i) - / [V (t,6) [Sin(ﬂlf) -2 Sin(ﬂlt):| X (1) dt
251 H1

The roots of this equation form a discrete spectrum,(n = 1,2,...). Thus, ifuq, are
sufficiently large, Equation (33) can be approximated by (see [17]):

1
(b —a) +§/|V(r,5)| dr
0

1
pan 4 +0(5). w=12., (34)
ni n

The first four baroclinic eigenfunctions are plotted in Figure 2. However, the Sturm-Liouville
fundamental existence theorem ([20], pp. 266—278) indicates that, if the coeffiClearsd

C> of (31) are bounded and continuous, then there exists a fixed nubfiber Sup |X (§)|

such that:

X&) =M. (35)

It follows from the Schwarz inequalities and from (32) and (35) that, whegt 0, we have:
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P\ M |
X < |C (1+ —2> + 4 / V.8 b (36)
122 H1 0

Note that one can find a positisg for which there is an associated positive upper bound any
Mg independent of the parameter. In the resulting rangely < § < 1, we obtain:

p2\ 2 1
M < |Cy (1+—2> / 1——/|V(t,8)|dt < M. (37)
n Mlo

1

From this last inequality, the variation of the varying stratification parameterplies the
variation of the potential functioi (¢, §). Thus, in the range & § < &, the upper bound/s

may have negative values or may be excessively large if the denominator in (37) is reduced to
zero. In any case, a critical state may be reached whessymptotically approaches a limit
value, namely:

1
i = [ 1vesala. (38)
0

In the vicinity of this limit value, the upper bound/, gets sufficiently large to cause

an enlargement of the solution amplitudes. This means that, in the ranged0 < 4§,

a significant increase in wave amplitudes is observed when the waves approach the upper
layers on the density gradient. This amplification is accompanied by a transformation of the
vertical structure of internal wave-modes (Figure 3) and renders the vertical wave propagation
unstable. When the critical valg, is attained, increases in solution amplitude can only be
limited by wave-breaking and viscous dissipation. The same features were also observed in
experiments ([10], [18])

In this study, we have already discussed a linear analysis to derive the growth rate of the
finite-amplitude waves. The instability was then interpreted as a criterion in which the wave
amplitudes grow, in inverse proportion to the parameter of varying stratificatiantil the
limit resulting in wave breaking is attained. When the wave amplitude grows, to such a level
that § drops below the critical value, the perturbations can grow exponentially to the point
that the primary wave amplitude exceeds a limit value of tolerances. The stability process
described here implies that, initially, the density distribution of the fluid on either side of
the turbulent region is assumed to be homogeneous. When an appreciable density difference
between the turbulent and non-turbulent regions develops, new effects occur. A thin pycno-
cline or thermocline layer develops, in which the ambient fluid is initially statically stable (
dpo/dz < 0). However, if there is sufficient shear or wave energy coming from the breaking or
from large-amplitude internal-waves, dynamical instability occurs which gives rise to vortical
formations (rolls or billows). When the breaking mechanism occurs, a linear analysis is no
longer valid and a nonlinear analysis is necessary in order to account for the low-frequency
waves. In the case of high turbulent activity, for example when the density difference at the
interface is significant and the interface is very thin, these vortical structures can be mobile
and give rise to fronts. Several experimental and theoretical studies have been carried out
on this subject. Laget and Dias [21], for example, have conducted a numerical study on the
propagation of interfacial solitary waves. They have shown that there are capillary gravity
waves bifurcating from a basic uniform flow in the form of wave packets that are known to
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Figure 3. Amplitude variations of eigenfunctions in terms of the varying stratification paranedad for the
eigenmode: = 3.

exist for small density ratios. In the case of a rigid-lid configuration, these waves exist also for
larger density ratios, but only at finite amplitude, and bifurcate at a critical value of the fluids
velocity ¢ given by

H+R
whereh, denotes the depth of the lower layéf,the ratio of fluids depths,/ 4,, R the ratio
of densities

P2
—(p1 > p2)
L1

andg the acceleration due to gravity. However, when the Weber numbes o /[p1(hy +

h»)c?] whereo is the coefficient of interfacial tension, is non-zero and less than a critical
value W* = %(1 + RH)/(1+ H), solitary waves are generated [21]. The authors performed
a numerical analysis of the case wh&n> W* and showed that solitary waves in the form of
wave packets exist, even for larger density r&ibut only at finite amplitude. These waves are

in elevation ifH2 — R < 0 and in depression > — R > 0. Therefore, wheif/? ~ R, there

are gravity-wave fronts. In this case, solitary waves bifurcate from a train of infinitesimal
periodic waves in the form of wave packets. As= 1/(1 + R/?) increases with a fixed

H, = hi/(hy + hq), the amplitude of these solitary waves increases and the wave broadens.
As F reaches a critical value, the broadening becomes infinite. In their experimental and
analytical investigations, Pawlak and Armi [11] studied the effect of the density offset where
the density profile is defined by (see Figure 4):.
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— U2
Figure 4. Velocity and density profiles, used by Pawlak and Armi [11].

P2 — pP1

p = po€xp (— tanh(R (Y — np))) :

wherepg = %(,02 + p1), 0, is the offset of the density interface from the velocity interface

(n, is equivalent to the parametéfin our study),R = 8,/8, andy = y/25 is the vertical
coordinate. They found two relevant solution types. The fastest growing mode, called mode A,
and a slower growing solution called mode B. The faster growing mode A shows significant
displacement of its centre of rotation towards the low-momentum side and is characterized by
a high spatial growth rate with an increase in the most unstable wave numbegps=00. A

positive density offset results in a decrease in growth rate along with an increase in the most
unstable wave numbers. Mode B, undergoes an increase in growth rate and a decrease in the
fastest growing wave numbers for a positiye A negativen, results in an increase in growth

rate and a decrease of the most unstable wave numbers for mode A with the opposite effect
being observed for mode B [11].

5. Eigensolutions with discontinuous gradients of density

In this section we deal with the set of equations given in (17—-18) and seek to obtain eigenvalues
when the stratification paramet&is very small. For simplicity we assume tHat < 1. In
most problems of geophysical interest the paramiéteis generally small for mid-latitude
ocean flows (see [22], pp. 102—117). If the horizontal stakeabout 18 km, the vertical scale
H is about 5 km and the horizontal velocity is about 1 m/s, with the kinematic viscosity
varying between 5 102 and 5x 102 m?/s, the depth of the Ekman layer is of the order
of 6 m to 20 m [22]. The corresponding values of the paramigtare small and vary from
2.67 x 1072 t0 267 x 10°*. Thus, the Ekman layer occupies only a small fraction of the fluid
depth. Yet, from the preceding section, the analysis of the vertical structure of the perturbation
pressure explicitly exploits the thinness of this layer and does not reveal any particular problem
due to the presence or absence of the pararfgtier the boundary conditions.

Hence on the basis of (17-18) and accounting for the density profile given by (23), we can
formulate the following equation:
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Figure 5. Three-layer schematic representation of density in the &£agel.

L 2 (110) 90 (o,
(39)
+N2, tanh <Z Jg h))Pl(z) =0,

wheres « 1 and N, < 1. We subsequently suppose that

NT% =01 (40)
and make the following transformation

Pi(2) = B(€) cosH <Z Jg " ) , (41)
wherem is a factor yet to be determined afds given by:

£ = coslit (Z:h). (42)

As s — 0, there are two cases of interest (Figure 5):
(i) when z # —h (then&é — o00), (ii) when z = —h (thené — 1)

This leads us to formulate two differently structured solutions (Figure 5): one solution valid
near the surface discontinuity (iwhenz = —h), and another solution valid in two regions
on either side of the frontier designated by~ —h. From (41) and (42), the equation that
solves® and the associate boundary conditions, reads:

2

3
EE — DP'(E) + (<m + 28 — (m + 5)) @) + 2@ =0, (43)

CD/@HOO) (S) = O’ cb/(,gﬁl) (5) =0. (44)

Equation (43) is a hypergeometric differential equation of wi§ick 1 and £ — oo are the
singular points and where is related to the eigenvalues by
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m(m — 1) = —AN23. (45)

When¢ — oo, the analytical solution satisfying the conditidri(¢) = 0 is given by

) 1+¢ — l
P1M=A[5%F(’"+2+ : ’"; ;1+e,sl>] (46)

where F is the hypergeometric function of which the development according to the Gauss
series can be written

N
(@)n(b)y x"
F(a,b;c,x) = —. (47)
; (©n n!

In (46), it was posited that

L=+2m+1

and A is an arbitrary constant.
At the interface layer,.e. z = —h, the solution takes the following analytical form:

m m+1+2 m—i—l—E.l

(48)

2 ’ 2 12
where the constants and D, undetermined in (48), are to be obtained by matching solutions

(46) and (48). This matching must express the continuity of the solution Wwhen 1, a

requirement met by using analytical continuation to transform (46) into two independent
solutions in the neighborhood é6f= 1 [23]. Hence,

m m+14+2¢ m+l—€‘l

D[g’%(l_g)l/zF(m“_ﬁ m+2+¢ 3 1_5)]’

1+¢ 1-¢ 3 (49)
_euh 12 —-m+1+€ —m+1-40 S
0200 [Aé E-1 F( 5 : 5 1501 é)}
with
B L((1+0)/2T(3)
Moo = T (Cm+ 11 0/2T(m+2+0)/2) (50)
_1
e — @A+ 6/29T(=3) ’ (51)
C((—m 414 0)/2T(—m + £)/2)

wherel is the gamma function. The solutions given in (48) and (49) can be matched only if

Koo = 0. (52)

Since the gamma function satisfies the property:
1

Fom =0 (53)
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forn > 0, (51) and (53) lead to:

m+1++v2m+1=-2n. (54)
From this last equation and (45) we deduce the problem eigenvalues:
by = s in(=20) + it + Dn¥?), @ =0.1.2..). (55)
m

The corresponding eigenfunctions read:

P1,(§) = a1, AE"/2F (—n, —n — /2m, + 1; 1,1 - §), (56)

wherem,, is the root of (54) associated with To have the roots,, corresponding to (55},
must satisfy the following relationship:

m, = —2n + 2in?/?. (57)

In order to fully exploit the solution (55) to study the stability of the eigensolutions) it
is now necessary to ask if the frequency introduced in (16) has an imaginary positive or
negative part. In (55), we see thiais complex; it may either be written in terms of its real and
imaginary componenté. = A, + i};), while also taking into account the relationship (30)
between. ando, which is given by
kp
o
or o may written on the basis of (55) as= o, + io;, with:

—kB{I (M)l + KE)
[()"r)n - K}%]z + ()\1)3’

_ —kBI(2i)nl
[(A)n — K212+ (1)2

r=KZ+

n=012..), (58)

(Ur)n =

(0, n=012...), (59)

These last equations are the dispersion relations for Rossby waves.

Since the wave numbeér and theS-number are positive, it follows from the analysis of
Equation (59) thato;), is always negative. Hence, over very long periods of time, the growth
rate exp(o;),t] reduces to zero whew;), < 0. In accordance with (16), we deduce that the
solutions are stable and are decreasing, as time becomes large.

6. Conclusions

The mathematical model of long ocean waves presented in this paper allows us to study
the behavior of internal waves in a fluid with variable stratification by using the Boussi-
nesq approximation. In order to simulate large-scale wave motions, we have formulated the
dimensionless Navier-Stokes equations, into which we have introduced the Rossby number
Ro, the Froude number Fr, and both the vertical and horizontal Ekman numkeaside

E; respectively. These parameters, when they are small, permit us to reduce the problem to
one involving a singular perturbation. Successive estimations of the velocity field and the
pressure perturbation result in the formulation of a single evolution equation for the pressure
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perturbation. The problem is then reduced to the problem of Sturm—Liouville eigenvalues. A
few principal properties of the frequencies and modal structures of the eigenmodes are then
exhibited. It was shown that these solutions are stable and involved in periodic movement
when the stratification is constant. If the density stratification varies with depth, the nature of
the vertical structure of the pressure perturbation seems to depend on the varying stratification
parameter denoted b The results of the model indicated that a significant growth of the
solution amplitude develops dsapproaches a critical valdg;, producing interfacial waves,
which may lead to the formation of frontogenesis. This process showed that, the sharper
the interface is, the more unstable the vertical structure of the waves will be, and therefore
the growth of the wave amplitude can only be restricted by wave-breaking and by viscous
dissipation.

When the varying stratification paramegawvas sufficiently smal{s < d¢i) an asymptotic
analysis of the problem was proposed. Using a three-layer discontinuous gradient model, this
analysis consists in specifying one solution within the interfacial layer and two solutions on
either side of this layer. After implementing the appropriate interfacial conditions to ensure
proper matching, a generally matched solution was produced, even when there were very
small values of the parametér
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